RIGIDITY OF CONFORMAL FUNCTIONALS ON SPHERES 



NIELS MARTIN M0LLER AND BENT 0RSTED 

Abstract. In this paper we investigate the nature of stationary points of func- 
tionals on the space of Riemannian metrics on a smooth compact manifold. 
Special cases are spectral invariants associated with Laplace or Dirac operators 
such as functional determinants, and the total Q-curvature. When the functional 
is invariant under conformal changes of the metric, and the manifold is the stan- 
dard n-sphere, we apply methods from representation theory to give a universal 
form of the Hessian of the functional at a stationary point. This reveals a very 
strong rigidity in the local structure of any such functional. As a corollary this 
gives a new proof of the results of K. Okikiolu (Ann. Math., 2001) on local max- 
ima and minima for the determinant of the conformal Laplacian, and we obtain 
results of the same type in general examples. 



1. Introduction 

In recent years there has been much progress in understanding the space of Rie- 
mannian metrics on a smooth compact manifold of dimension larger than two; var- 
ious flows of metrics have been studied, and several new interesting functionals on 
this space have been found, for example via spectral invariants such as functional 
determinants, or in connection with conformal geometry: Q-curvature, renormalized 
volumes in AdS/CFT theory, and fully non-linear equations for certain curvature 
quantities. As we shall see below, when the functional is (in addition to being 
diffeomorphism invariant) conformally invariant, and the manifold is the n-sphere, 
it becomes remarkably natural to apply representation theory for the conformal 
group of the sphere; the (infinite-dimensional) principal series representations of 
this group on various tensor fields on the sphere may be effectively analyzed as 
Harish- Chandra modules, and in particular one may calculate explicitly the invari- 
ant Hermitian forms on such modules (in general meromorphic functions of the 
corresponding parameters, in geometric terms the conformal weights). This takes 
the form of a spectrum generating principle for determining the invariant object. 

Our main results Theorem 14.11 and Theorem 15.11 identify (up to a constant) the 
Hessian of a functional at the standard n-sphere (which is a stationary point), with 
exactly one such Hermitian form (in dimension n > 4, while in dimension 3 the 
space of such is two-dimensional); thus we may speak of a universal Hessian, and 
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this we identify in even dimensions in Corollary 19. 12l in terms of Fefferman-Graham's 
obstruction tensor, which is an important object from the theory of conformally 
compact Poincare-Einstein manifolds. 

As our main applications of this rigidity result we obtain (in Theorem I7.3p . based 
on knowledge of the leading term in the Hessian, a new and conceptually clear proof 
of earlier results on extremals of determinants by K. Okikiolu, which appeared first 
in the paper [Okl| in Ann. Math. (2001), and also of the natural extensions to 
general conformally covariant operators (Theorem 17. Ih . e.g. to determinants of 
Dirac operators (Theorem 17. 6p . 

Furthermore we apply our new principle to study the value of the zeta function 
evaluated at zero in even dimension (Theorems 17.21 \7J\ and [7!4l) . which has not been 
studied before. While our approach is not sensitive to the parity of the dimension (as 
long as the functional is conformally invariant), the even-dimensional case does not 
seem to be manageable using methods from |Okl| . since the argument there relied 
on the odd-dimensional phenomenon of the Kontsevich-Vishik trace. Finally we 
prove in Theorem 19.11 that the total Q-curvature has local maxima at the standard 
spheres. 

Note that for instance for the problem of determinants, the conformal covariance 
of the operator is essential, e.g. it is known that local extremality at the round sphere 
metrics does not hold for the ordinary Laplacian A = V^Vj acting on functions (see 
|Qkl| ). namely det A has a saddle point at (S'^'^"'"^, go) in dimensions 2fc + 1 > 4. 
Some of the virtues of the present paper are to spell out: (1) the role played by the 
fact that the operator is (an integer power of) a conformally covariant operator, and 
(2) the importance of the ground metric being the round sphere; our viewpoint in 
this paper is that 5" has a very large conformal group. With such new insight one 
realizes that the earlier results by K. Okikiolu for the special case of the determinant 
of the conformal Laplacian is in fact the quite generic picture for the whole class of 
conformal functionals, on the re-sphere. We think of our results as a step towards a 
Morse theory for the space of metrics. 

The proofs presented here build on Tom Branson's ideas in [Brlj concerning 
the role of the complementary series representations of the conformal group of S"', 
namely S0(re + 1, 1), in the search for geometric inequalities relevant for the study of 
the extremals in a conformal class of the functional determinant in even dimensions 
(see also [BO0j). Cunningly, as witnessed by the following sections, one is in the 
conformally invariant case naturally lead to exploiting the action of the conformal 
group on exactly all of the non-conformal (and non-diffeomorphic) directions. In 
this connection, Peter Sarnak has noted that the recent paper [SS] (joint with A. 
Strombergsson) exploits similar ideas in a different setting, where the symmetry 
group is large but finite. 

The spectrum generating principles have been considered previously by many au- 
thors (see for instance |Brl| . and [BO0] for general results), and the present authors 
learned from R. Graham that an application of the same intertwining operator be- 
ing identified in this paper appeared in [Grl| . There it was recently studied as an 
intertwining operator for different purposes, namely in the context of the Dirichlet- 
Neumann map for Poincare-Einstein metrics. Also an explicit formula was given 
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there (see Equation (|4.16ll ). at least in the odd-dimensional case (and is known in 
the even-dimensional case, e.g. [Gr2| ). It was also shown in the paper |Grlj that 
the relevant space of intertwiners on is in fact 2-dimensional in certain cases. 

2. CONFORMAL FUNCTIONALS IN RiEMANNIAN GEOMETRY 

Let {M'^,go) be a compact smooth oriented Riemannian manifold (and assume 
it is spin, with a fixed topological spin structure, whenever needed to define the 
operators, functionals etc. in our examples). We denote by Metr(M) the space of 
all smooth Riemannian metrics on M, and study functionals 

F : Metr(M) M, 

thinking of go as the "ground metric". Note that Metr(M) may be realized and given 
a smooth topology in several ways, e.g. as a Banach or tame Frechet manifold (see 
|Ebj . |FrGrj . |Ham| ). using Sobolev spaces of sections of the bundle of symmetric 
two-tensors S'^TM , of which the convex cone of Riemannian metrics on M is a 
subset. The tangent space to the space of smooth Riemannian metrics, at the metric 
5o, is naturally identified with C°°{S'^TM) for the details of such constructions). 
Note that there is a natural L^-integral pairing on two-tensors on M, using the 
metric g, 

(2.1) {{h,k))g= [ {h,k)gdVg= [ h^.h^g^' g^^ dVg . 

We impose the following geometric assumptions on the functional F. 

Geometric assumptions 2.2. F satisfies for any g E Metr(M). 

(1) F{ip*g)=F{g), ^ G Diffo(M), 

(2) Fie^^g)=Fig), a; G C-(M). 

Remark 2.3. In dimensions n> A it is enough to require, as here, the invariance 
under the identity component Diffo(M) of the diffeomorphism group Diff(M) in 
order to obtain the rigidity result (for n = 2,3 see Section\3^. 

Under these assumptions, and for any k G C°°{S'^TM) in the tangent space, 
if G Conf(M, (^o) a conformal transformation of {M^go) and (^*9o = ^%go^ with 0^ 
being the corresponding conformal factor, we see that 

(2.4) F((7o + tk) = F{^*go + tip*k) = FiQ^go + tip*k) = F{go + tQ-^^^k). 

Thus the variational problem for the functional F at the ground metric go has a cer- 
tain invariance property under a specific action of the conformal group Conf(M, go) 
of the manifold (M, go). 

Analytic assumptions 2.5. F satisfies for each k G C°°{S'^TM) 

(1) The map t — > F{go + tk) £ IS. is at least in a nbh. oft = 0, and 

D^Fg,{k,k) := — F{go + tk) = {{k,Hg,k))g„ 
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where the Hessian operator Hg^ = H{F, go) is a linear operator 

Hg^ : C^iS^TM) C°°{S^TM), 

which is symmetric with respect to ((•, •))go- 

Remark 2.6. In examples it has been verified that the Hessian Hg^ exists as an 
n 'th order pseudodifferential operator in the vectorbundle S'^TM , more specifically a 
differential operator (see Corollary \9.1S\ below), a classical poly homogeneous pseudo- 
differential operator / |Okl| ). or a log-polyhomogeneous pseudodifferential operator 
(see |M0l| j. The pseudodifferential Hessian calculus for zeta functions of geometric 
Laplace-type operators of order 2 was developed by Kate Okikiolu using heat kernel 
methods in [ofel] . pE2] . [Ok3] . [OkW] . 

We note that by definition go is a stationary point for F if 

DFg,{k) := ^1^^/(50 + tk) = 0, Vfe G C°°{S^TM). 

In fact it follows from [Bl] that any conformal functional must have the standard 
spheres {S^,gs"^) as stationary points, and thus this will be the case for any of our 
concrete examples of such functionals. 

Exploiting the conformal invariance of F, i.e. in the directions tangent to con- 
formal rescalings of go, given by 

confg,, := {ujgo\uJ G C°°(M)} C C'^iS^TM), 

we shall consider the space {conf^g}-'- = C°°{SqTM), where the orthogonal comple- 
ment is with respect to the natural inner product in (|2.ip . Namely, the full Hessian 
is given by 

H=(^^ o) • C^(SiTM) e conf^o ^ C'^iS^TM) conf^^, 

and we will denote the restricted Hessian H simply by H. 

Note also that from the diffeomorphism invariance, the subspace (where Lx de- 
notes the Lie derivative) 

diffgo : = {^j^^Q^^t 5o| for t ^ ift e Difro(M) a C°°-curve s.t. (/?o = Id } 

= {Lxgo\X eC^iTM)} 

= {ke C'^{S^TM)\k{X,Y) = {Vxuj)iY) - (Vycj)(X), lo G n^{TM)}, 

of directions tangent to diffeomorphism pullbacks of go, is always in the kernel of 
the Hessian of F, and hence so is the restricted space 

diffO„ := diffgo nconf^^^ C C^iSlTM). 

Note that also the sum space (conf -|- diff )g(j is in the kernel of the Hessian, for 
any conformal functional F. Furthermore we use 

(conf + diff = {k£ C'^{S^TM)\tVg, k = div^,, A; = O}, 
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to denote the space of trace- and divergence-free symmetric two-tensor fields, which 
is the L^-orthogonal complement of (conf -|- diff)gy. 

Under Assumptions 12.51 we find, upon differentiation of (|2.4I) . that 

(2.7) {{%\*k,Hg,n--'ip*k))g, = {{k,Hg,k))g„ 

meaning that the Hessian form too is invariant under a certain action, denoted uq, 
of Conf (M, (^o). Here appears to the power of —2, and we remind that for each 
G M there is such an associated group (right-) action. Namely one defines, writing 

= - 
r 2 

(2.8) u^{ip)k = nP+''-^ip*k, k G C^iSiTM), 

for ip*go = ^'^go, where ip € Conf(M, g'o)- Likewise we define the infinitesimalized 
version, for X € cvf (M, qq) a conformal vector field and uJx the infinitesimal cocycle 
correspondingly defined by Lxg = ^Luxg as follows: 

U,o{X)k = Lxk +{p + u- 2)uJxk, k G (:7°°(5^TM). 

The offsets of "—2" here are merely conventional, motivated by the fact that the 
differential geometric realization of C°°{SqTM) has internal conformal weight +2 
(see Section [4]). Likewise the so-called p-shift appearing above, here p = §, will be 
convenient later. 

Since any orientation-preserving (p € Confo(M, (/o) pulls back the Riemannian 
measure according to 

we find by exploiting diffeomorphism invariance of integration on M, and <f*go = 
^ipgo that 

{{h,k))go = {{U-n/2{f)h,Un/2{f)k))go, 

for any € Conf(M, i^o). Using this with (|2.7|) we get 

{{k,Hg,,k))gg = {{u^n/2{¥^)k,Hg,,U_n/2i^)k))go 

= {{u_n/2{v'^)U-n/2{f)k,Un/2{v'^)Hg^,U^nj2{^)k))g^^ 

= {{k,Un/2iv''^)Hg,,u_.^/2iip)k))g^, 
for any k G C°°{S^TM), and therefore 

Hgo = Un/2{^~'^) ° Hg^^ o U_n/2ip)- 

Thus we have proved the following proposition. 

Proposition 2.9. For any conformal functional F, the Hessian operator H(F,gQ) 
satisfies 

(2.10) n:^-''ip*iHg,k) = Hg,n-^ip*k, for keC^{SlTM). 

In other words the Hessian of F is an intertwining operator between the two repre- 
sentations U-n/2 and Un/2 o/ Conf(M, 5o); andforU^n/2 and Un/2 ofcvi{M,go), 
on the space of sections of the bundle C°°{SqTM) of symmetric trace- free covariant 
two-tensors. 
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In the Hght of the proposition, it is quite natural to investigate the representations 
^-n/2 ^iid Un/2 appearing here, in order to understand the Hessian. These will 
turn out not to be irreducible, as is to be expected geometrically, since there is an 
infinite- dimensional kernel of the Hessian (containing at least the natural subspace 
of C°°{SqTM) arising from conformal and gauge invariance), and we know examples 
of several quantities for which the Hessian is not identically zero (e.g. |Oklj . [Ok2j . 
|QkW| and [M0I]). Studying the quotient space of C°°(S'grM) with that natural 
subspace, one might ask what happens if the conformal group is large, i.e. in the case 
of the standard spheres, where it is a classical fact that Conf(M, 50) has maximal 
dimension (see e.g. [KNj ). And indeed: On (£*", (75™) an irreducibility result on this 
quotient or "moduli space" does hold. To prove this, we need crucially the geometry 
of the so-called Ahlfors (or conformal Killing) operator. 

3. Conformal geometry of the Ahlfors operator 
Definition 3.1. The Ahlfors operator (or conformal Killing operator) 

Sg : C^{TM) C^{SlTM) 

on {M, g) is defined by 

SgX = Lxg-l (div X)g, G (TM) . 

The next proposition lists some basic properties of this important operator. For 
details and further information, see |QP| . 

Proposition 3.2. 

keiS = cvf(M, g), 

S* = 2dWg : C^{SlTM) C^{TM), 

ran Sg = {{k G C°°{SiTM)\ divgk = O})^ = difF°, 

where _L is with respect to C°°{SqTM). 

Note that in particular for the Hessian operator, by the discussion in the previous 
section, we have for any given functional F satisfying our assumptions that 

(3.3) ranS'go C keri^(5to,i^)• 

We observe another important property of S in the following proposition. 

Proposition 3.4. S is conformally covariant, namely for (f G Conf{M, g), 

(3.5) Q~^ip*SX = Sip*X, where ip*g = Qlg. 

Proof. Using that Lxg = ^\^^_Q'4't9^ where ■0t is the flow of X, 

(3.6) e~'^'^Lp*Lxg = 2{Lp*X).Log + L^*xg, 

where we have written u) = log Q,^p. The Levi-Civita connection of the metric pulled 
back by is 
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and it follows that 

(3.7) ip*{divg X) = div^*g ip*X = diVg2u;g ip*X. 

As seen from the Koszul formula, V changes conformally according to 

(3.8) V^'^y = V^y + {X.Lo)Y + {Y.uj)X - g{X, Y)Vu;. 
Choosing a local orthonormal frame {Xi}, we get from (13. Sp that 

(3.9) divg2^ <^*X = e'^'^g(^fZ^^yX, e'^'X,^ = divg ^* X + n{ip*X).uj. 

Combining (I3.6p - (|3.9p the proof is completed: 

e-^'^^*SX = 2{^*X).ug + L^*x9 - e'^'^-tf^dWa X)e'^'^g = S(p*X. 

n 



□ 



4. Representation theory of the conformal group, and the 

UNIVERSAL Hessian 

As the manifold and ground metric (M, go) we now take the sphere with the 
standard metric {S'^,gs^), assuming n > 2. We recast the differential geometric no- 
tions from the previous sections into the language of representation theory. We refer 
in particular to |Brl| and also |BO0] for quite general and detailed expositions of 
these topics, including many relevant references. The central object is (the identity 
component of) the conformal group of the round sphere, which is the semisimple 
Lie group 

G = SOo(n + l,l). 

The action of ^ G G has a geometric realization as follows, by viewing 5" as the 
unit sphere in and as S"" x {1} C M"+2. Then for y G 5", 

^■y= (,f';!^ Gg-x{i} 

{A{y, l))n+i 

defines the action and gives an isomorphism of G with Coni{M, g). 

We fix an Iwasawa decomposition G = KAN relative to a Cartan decomposition 
g = i+5 and maximal abelian Lie subalgebra a C 5, and also fix a minimal parabolic 
subgroup P = MAN. Here K is SO(n + 1) acting in the first n variables, and M 
is SO(n) acting in the middle n variables, A ~ R and ~ M". Recall that 

G/P ~ K/M ~ 5". 

Half the sum of the positive roots is p = na/2, where the (g, a) roots are ±q. 

If {Va,cr) G Irr(M) is an irreducible representation of SO(n), there is a repre- 
sentation (a, h) — > aPa{h) for {a,h) G M+ x SO(n). Denoting this by {Vi, a'P) one 
defines associated bundles with conformal weight p G M by 

= G xp = IndfA'^N (a ® 1) , 



G^{Vl) = <^ V G C°°(G) 



'il}{xman) = a ^ ^a{m) ^ip{x) 
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The differential geometric realization is the bundle associated to the conformal frame 
bundle J^R+xso(n) by aP. 

The irreducible representations a G Irr(M), and analogously for K = SO(n + 1), 
are parametrized by dominant weight vectors also denoted a G zL"/^-!, with 

0-1 > ... > o-[„/2] , n odd, 

0-1 > ... > o-[„/2]_i > |o-[n/2]|, neven. 

Examples are a = (0) = (0, 0, . . . , 0) the trivial representations, ct = (1) = (1, 0, . . . , 0) 
the defining representation, and a = (2) = (2, 0, . . . , 0) the trace free symmetric two 
tensor representation. The defining representation (1) and conformal weight +1 
produces the cotangent bundle T*M, while (1) with weight —1 gives the tangent 
bundle TM. The realization of (2) as SqTS'^ is the bundle with conformal weight 
+2, corresponding to V^2)- 

The space <?(S'"', V^) of K-finite sections is decomposed into K-iy^es using Frobe- 
nius reciprocity 

HomM(fT,/3|A/) =^Hom;^(f(5",VP),/3), for /? G Irr(i^). 

For the multiplicity of a in (5\m there is a branching law, namely it is either or 1, 
and is 1 if and only if 

^^^^ /3i > fTi > /?2 > 0-2 > . . . > (T[„/2] > |/?a[„/2]+i |, n odd, 

/3i > (Ti > /?2 > 0-2 > . . . > o-[„/2]_i > /?a[„/2] > \<^[n/2\ \ , ^ even. 

When this is the case, we write (3 i a or a ] p. Note that the iT-action is indepen- 
dent of p, 

V^l^ = Indf,(a). 

Using the above we decompose the tangent bundle V(i) into ET-types as 

1 oo 

(4.3) £:(5",V(,)) = 00i^(,_^;,.), where E^,+i^,) {I + l,r). 

r=0 1=0 

Similarly for a = (2) and n > 4 

2 oo 

(4.4) ^(5",V(2)) = 00F(2+i,,), where F^^+j,,) {2 + j,q), n > 4. 

q=0 j=0 

The differential geometric observations from Sections [T] and [3] can now be reformu- 
lated, where again p = n/2. 

Proposition 4.5. Let F be a given conformal functional. The operators S and 
H = H{F,gQ) are intertwining for the (g, K)-modules 

5:V(-,;-V°2), 

In particular S and H are diagonalized by the K -decompositions in ( f^.g] ) and Ii4.4\ ), 
respectively. 
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Proof. The Ahlfors operator S is intertwining from V^^^^^ to Y^^) by Proposition 
13.41 since the actions on each side in (|3.5p correspond to these conformal weights. 
The differential geometric reahzation gives an internal conformal weight of +2 on 
C°°(5^TM). Similarly for Hg^ by (l2lT)]l and the following discussion. That the 
operators are diagonalized follows from Schur's lemma. □ 

Remark 4.6. We could have given a more direct proof of the intertwining property 
of S, in representation theoretical terms. Namely, S is a generalized gradient and by 
Fegan's Theorem (see [Fb], or Theorem 7.5 in |Brl| ). it is intertwining for exactly 
the conformal weights in Proposition ^.^ 

Since S is intertwining, Schur's lemma and the branching laws in (14.21) gives us 
the following very crucial result. 

Lemma 4.7. In terms of K -types as above, we have for n> 4, 

1 1 oo 

ker5 = and ran 5* = F(2+j- g). 

r=0 q=0 j=0 

Studying now the (g, i^)-modules, we turn to the irreducibility issues. The no- 
tation is that /? ^ 7 when 7 is a /C-summand of s (g) /3. As the notation suggests, 
the relation /? ^ 7 is symmetric (due to 5 being self-dual as a K-module). We also 
write 



= (2pso(n) + P, , where 
2/9go(„) = (n — 2, n — 4, . . . , n — 2A;), if n = 2k or n = 2A; + 1. 

In particular, if /? = (2 + j, g), for j G Nq and g € {0, 1, 2}, 

(4.8) % = (n + i + l)(j + 2) + g(n + g-3) 

(4.9) V(i,o) - A:^ = n + 2j + 4, 

(4.10) /c;3+(o,i) - /c/3 = n + 2g - 2. 

Lemma 4.11 (Branson's cocycle irreducibility, [Brlj, Lemma 7.10). Assume the 
dimension is n > A. If {3 ^ then 

Proj^w(s)Fg = F^. 

As a result, the span of the orbit of any nonzero k € F/^, for any (3 j (2), under the 
joint action of u^{K) and U^is), is <f(5",V(2))- -^^ particular, f(5",V(2)) has no 
nontrivial invariant subspace under this action. 

Proposition 4.12 (| lBrlj . Corollary 7.11). Assume the dimension is n > A. If 
/3 = (2 + j, q) as above, /? <-> 7 i (2), and X & g, 

(4.13) Proj^ f/.(^)|/3 = c{P, 7, u) Proj^ u;x\p, 

where c{l3,^,i') = ^{k^ — + 2iy). If \u\ < ^ — 1, then Pioi^U^{X)Ffj = Fj. As 
a result, the span of the orbit of any nonzero Lp £ Fp, for any (3 [ (2), under the 
joint action of Uy{K) and Uu{5), is £ {S"" ,Y (^2)) ■ particular, f (S'"', V(2)) has no 
nontrivial invariant subspace under this action. 
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Note that because K acts by isometrics of the standard 5", the action of Uy{K) is 
in fact z^-independent (while Uu{q) is manifestly not), so we may drop the subscript 
and write u{K) = Uy{K). Since the representations needed in our application have 
u = ib^, the parameter is outside the domain of irreducibility. As discussed above, 
this reducibility is a natural consequence of the geometry inherent in the problem. 
In both of the cases = ±| it is seen from (|4.9I1 that stepping in the j direction is 
always possible, i.e. the map in (|4.13l) is onto. Equation (I4.10p shows that in the 
case V = — stepping in q is possible, except for stepping up from (2 + j, 1). 
Thus irreducibility fails, but by Lemma 14.71 Lemma 14.111 and Proposition 14.121 
the representation {u,U_n/2) does descend to an irreducible representation on the 
quotient space 

¥^2)/ ran 5. 

We move on to apply Proposition 14. 12l in a spectrum generating argument for the 
Hessian operator H. From the intertwining property of H, and its diagonalization 
on the K-types, it follows that 

c(/3,7,-z^)Proj^a;jf|^ = Proj^ f/_^(X)|^ = Froj^ U^{X)H^f3 

= At/3 c{P,j,iy) Proj^wj^i^, 

so that the following relation holds 

(4.14) fj,-y{K^ — — 2u) = fJ-isin^ — Kp + 2v). 

Using the step rules in (I4.9ll - (l4.10p this determines inductively the eigenvalues, and 
this is the point of the so-called spectrum generating argument. We have thus finally 
proved the following. 

Theorem 4.1 (Rigidity - the Hessian is universal). Assume n > A and let the 

functional F satisfy the Assumptions \2.S\ and \2.5[ On the standard spheres (S"", gs"), 
the associated Hessian 

H{F,go) : C^{S^TM) C^iS^TM) 

is 

H{F,go)=c{F)-To, c(F) e M, 

for a constant c{F) depending on the functional F, and where Tq is the diagonal 
intertwining operator given by 

T{ n + j + 2)T{n + q- 1) 
r(j + 2)r(g - 1) 

on each of the K -types (2 + j, q). 

In particular if c{F) ^ 0, the Hessian of F is semi- definite, and the kernel is 
exactly 

ker H = ran S + conf = diff + conf = diff + conf , 
i.e. directions in which F is globally invariant by AssumptionslE 
Remark 4.15. 



T — ^ V"- ^ J ^ V"- ^ "-J Tj ^ n 
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(1) Note that the eigenvalues of To are given here as a meromorphic function in 
n and j, and that if the denominator is +00, it corresponds to one of the 
zero eigenvalue spaces for Tq. 

(2) Together with Proposition \3.4\ and Proposition \J7E[ Theorem \4.1\ proves that 
(if the rigidity constant c{F) ^ 0) there is an exact sequence of conformally 
covariant operators as follows. 

v-i ^ - vo V" 

^ V(2) ^ V(2). 

This is a so-called exact BGG-sequence, related to the detour complexes stud- 
ied by for instance by Branson and Gover (see e.g. [BG]J. 

(3) Operators such as Tq appeared already in the literature (see e.g. |BO0] j 
and the Tq considered here coincides, up to a constant, with the linearized 
Dirichlet-to-Neumann operator on 5" considered by Robin Graham (e.g. 
[Grlj and \Gi2\). Hence an expression for the operator Tq is known in the 
following form: 



(4.16) To = <^ 



cqW*W{A + c2)(A + ci) . . . (A + cl)^A + cl^„ 
cqW*W{A + c2)(A + ci) . . . (A + c| 



n = 3, 

n = 2k + 5, 

n = 2k + A, 



for k > and Ci ^ 0. Here A 
the linearization at the round metric on S 



V*V is the rough Laplacian, W = dW^g^ is 



of the Weyl curvature viewed as 



an operator W : Metr(5") ^ C°°(0^r*5"), and likewise C = d'ffg, for the 
Cotton- York tensor 'la. 
(4) The formula (J^J^ should be compared to the now classical product formulas 
for the GJMS operators by Tom Branson (in the conformally flat Einstein 
case, e.q. ^r ^), R ob in Gr ah am and Rod Gover (in the general Einstein 
case, see e.g. |FG2j . [Gol| . |Go2j ). In particular it is interesting to ask 
what role the operator Tq, in this more geometric form, might play in the 
case of a general Einstein manifold. 



5. Rigidity for conformal functionals in the exceptional dimensions 

2 AND 3 

For dimensions n = 2 and n = 3 we need to modify the discussion slightly; these 
cases were not covered in }Brl| and the composition series are different - correspond- 
ing to the non-uniqueness of the intertwining operators as observed by R. Graham 
in the case n = 3, see [Grlj . Here there arises an additional feature of orientation- 
sensibility of the functional, which corresponds to the fact that the rotation group 
is locally a product: K = S0(4) ~ S0(3) x S0(3) (local isomorphism). We first 
consider this case, i.e. n = 3, which has the relevant set of -fC-types (same notation 
as in the previous section) 

P{2+j,q) ) this time with j>0, g = 0,=bl, ±2. 
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At the conformal weight in question (the parameter p as before), the iiT-types with 
q = 0, ±1 form an invariant subspace, and the quotient is spanned by the remaining 
i^-types with q = ±2. This quotient is the direct sum of two irreducible summands, 
viz. those with q > and q < respectively. It is precisely this reducibility of 
the quotient which explains the two-dimensionality of the intertwining operators, 
observed by R. Graham. Here we shall be a little more explicit, in that we give 
the invariant Hermitian form, analogous to Theorem 1; the arguments are the same 
as in the previous section, and we only have to modify the spectrum-generating 
argument taking into account the new structure of the set of K-types. The result 
is as follows. 

Theorem 5.1 (Rigidity - Universal Hessian theorem in dimension 3). Assume n = 3 
and let the functional F satisfy the Assumptions \2.^ and \2.5[ On the standard sphere 
{S^,gs^), the associated Hessian 

H{go,F) : C°°{S^TM) C°^{S'^TM) 

is 

H{go,F) = c^{F)-T+ + c-{F)-T^, (F) , c~ {F) G R, 

for constants c^{F) depending on the functional F , and where Tq are the diagonal 
intertwining operators given by 

r(n + j + 2)r(n + g-l) . n 

^0|i-(....) = Tij + mq - 1) • 

and same formula for Tq" when q <0 on each K-type (2 -|- j, q). 

In particular if c'^{F)c~{F) < 0, (the expression above changes sign between 
q = ±2) the Hessian of F is semi-definite, and the kernel is exactly 

ker H = ran S + conf = diff -|- conf = diff g^, -|- conf , 

i.e. directions in which F is globally invariant by Assumptions \2.^ 

The condition c~^{F)c~{F) < is verified in concrete cases in the same way as for 
large dimensions, as explained in the following sections; geometrically it corresponds 
to the functional F being insensitive to changes of the orientation. 

For n = 2, we also need to make only minor changes to the general argument, 
this time K = SO (3), and the relevant K-types are 

F2+j, meaning highest weight (2 + j), for j > 0, 

occurring with multiplicity two; in this case there is no quotient - corresponding to 
the well-known fact that the moduli space (of metrics modulo diffeomorphisms and 
conformal changes) consists of a single point in the case of the two-sphere. This 
is seen from the representation theory, giving the fact that the Ahlfors operator 
is onto, and hence the kernel of the Hessian will be the whole space. Note that 
the tangent bundle in this case splits in two (when complexified), and the same 
for symmetric trace-free two-tensors; this corresponds to the fact that the action of 
S0(2) on complexified is the sum of two characters. It is hardly surprising that 
a function on a one-point space has a universal Hessian, namely zero. 
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6. Local extremals of conformal functionals 

The universality of the Hessian in Theorem 14.11 and Theorem 15.11 implies that if 
the rigidity constant c{F) > (and analogously when c{F) < 0) then the Hessian 
of F at the round sphere metric is positive semidefinite, and positive definite when 
restricted to the linear subspace (conf + diff . 

This immediately gives the following weak extremal result. 

Proposition 6.1. Let F : Metr(M) —i-Wbea conformal functional on 5", and 
assume that the corresponding constant c{F) > is positive. Let gt be a -curve 
of Riemannian metrics such that go = gg^ is the round sphere metric, and assume 

^ ^|t-o^* ^ (conf + diff)go . 

Then there exists 5 = 6{F, k) > such that 

(6.2) 0<\t\<6^ F{gt)> F{go). 

Proof. Since we evaluate along a smooth curve of metrics, this is Taylor's formula 
with remainder for C^-functions on a real interval. □ 

Recall that the Hessian operator c{F)Tq has non-trivial kernel consisting of pre- 
cisely the gauge directions (conf -|- diff)gg. Hence the analysis of local extremals in 
a neighborhood of go could a priori be inconclusive, since the afhne space 

go + ker To = go + (conf + diS)^^ , 

does not coincide with the actual, in general curved, set of gauge transformed met- 
rics, along which we have by our basic assumptions that the conformal functional 
is constant. This issue is resolved by an appropriate change of coordinates, as the 
next proposition shows. 

We have only needed to impose weak analytical assumptions on the functional 
so far. However, in order to apply an inverse function theorem, one may appro- 
priately realize Metr(M) as well as the other spaces of sections appearing here, as 
tame Frechet manifolds in the sense of Hamilton (see e.g. |Ham| ). or as Sobolev 
spaces where the Banach space version of the inverse function theorem holds (see e.g. 
Ebin's slice theorem jEbj ). In Hamilton's version of Nash-Moser's theory, the dif- 
feomorphism group Diff (M) has the structure of a smooth tame Prechet Lie group. 
In this setting the following formal treatment can be made rigorous. 

Proposition 6.3 (Local extremality in Metr(M)). Let 

F : Metr(M) R 

be a conformal functional on M = with sufficient smoothness in the Frechet (or 
Sobolev) topology o/Metr(M), and assume that the constant c{F) > is positive. 

Then there exists an open neighborhood U 3 go of go = gs" (the round sphere 
metric), with respect to the Frechet (or Sobolev) topology on Metr(M), such that: 



(6.4) 



g£UC Metr(M) F{g) > F{go), 
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and furthermore 

(6.5) g G [U\{go}] n [go + (conf + difF)^^ ] F{g) > F{go). 

Proof. We first note that the assertion in (16. 5|) follows by an application of Taylor's 
formula for Prechet spaces, which gives that for k G (conf + diff)g^ 

F{go + k)= F{go) + DFg,{k) + ^D^Fg,{k, k) + R^^\k) 

= F{go) + ^{{Tok,k))+R^^Hk), 
since DFg^^{k) = by criticality of F at g^. Here the remainder term is 

RfK^) = hl'^^~ ^^'^'^9o+tk{k, k, k)dt. 

Since Tq is positive definite on (conf + diff)gg, the claim follows. 

Now, to prove (|6.4p we must change coordinates, and consider the smooth map 

$ : T/i X ^2 X Vs C C~(M) x Difr(Af) x (conf + diff Metr(M), 

given by 

(6.6) <!>{uj,(t>,k) = e''^(l)*{go + k), 

and where we have restricted to a small enough neighborhood of (0,ld,0), so that 
(16.6(1 defines a Riemannian metric. 

Then the differential mapping into Tg^ Metr(M) = C'^{S'^TM), 

D<^{uj,X,k) : C7~(M) X C°^{TM) x (conf + diff ^ C°^{S'^TM), 

at (0, Id, 0) is given by the expression 

D^{oj, X, k) = 2ijgo + Lxgo + k. 

Hence the differential is a bounded linear operator with respect to the Prechet 
topology (or in the Sobolev realization, between fixed Sobolev spaces of sections). 
Furthermore it is bijective between the spaces of smooth sections, since 

(conf + diff)go = ran{2ujgo + Lxgo). 

Invoking the inverse function theorem gives an open neighborhood V of (0, Id, 0) 
such that $ is a diffeomorphism onto ^(V) = U 3 go, and hence for any metric 
g G U we have 

g = e^^(j)*{go + k) for some k G (conf + difF)gg, 

and hence for any g G U we get as claimed 

F{g) = F{e^^ct)*{go + k)) = F{(l)*{k + go)) = F{go + k) > F{go), 

where we have used the invariance properties of the conformal functional, and in 
the final inequality Equation (|6.5[1 in the proposition. □ 
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7. Functional determinants and zeta functions of conformally 

covariant operators 

The main purpose of this section is the apphcation of the general theory developed 
in the previous chapters, notably the universal Hessian principle in Theorem 14.11 to 
obtain analogues of Theorem 2 in [Oklj. The approach here extends to determinants 
of a generic (integer) power of a conformally covariant operator. As a concrete 
example, we apply this to the square of the Atiyah-Singer-Dirac operator D^. 

Note that the extremal problems for determinants considered here are somewhat 
different from those addressed in [Brlj . There the results concerned global extremals 
on 5^, but only in conformal directions. From [CYj . [On| and [Brl| it is true, at 
least for n = 2,4,6, that (— detL and (— l)"/^detD^ are maximized (fixing 
volume) in the conformal class of the standard sphere exactly when is a pullback 
of the standard metric by a conformal diffeomorphism. 

Recall the definitions of the spectral zeta function and determinant on a compact 
manifold for an elliptic partial differential operator P of order d with positive definite 
(or negative definite) leading symbol, and a real discrete spectrum consisting of 
eigenvalues {AfcjfceN with finite multiplicity, and |Afc| oo such that Weyl's law 
Afc ~ A;"'^/" is satisfied. Then the spectral zeta function can by defined as: 

ClP^s) := ^ |Afc^^ Res > n/d. 

For brevity we shall write Cp{s) = C|P|('S)- Under the above assumptions, it follows 
by using a Mellin transform and the heat kernel expansion, that the zeta function 
has a meromorphic continuation to C which is regular at zero. In particular one 
may take the s-derivative there, and define the determinant as follows 

det(P) := exp(-C;.(0)). 

Since from the papers |B01| and |B02j . both the determinant and zeta function 
of a conformally covariant operator (or integer power of such) evaluated at s = 
are conformally invariant under suitable assumptions (in odd and even dimension, 
respectively), we get the following theorems by application of the universal Hessians 
Theorem O (and (lOll- (1631)1 

Theorem 7.1. Let P be an integer power of a conformally covariant operator, 
with positive leading symbol, ker P^y = 0, and such that with respect to uniform 
dilations of the metric P has homogeneity degree —ordP. Assume also that go is a 
stationary point of det P, and that the Hessian Hg^ (det P) of the determinant exists 
(cf. Analytical Assumptions \2. 5\) and is not the zero operator. 
Then on the odd- dimensional standard spheres {S'^^^^ , gs") 

(7.1) H{det P) = c(det P) ■ Tq, c(det P) / 0. 

In particular the Hessians are semi- definite, and has precisely 

ker H = (conf + diff )gQ , 

so under the assumptions, det P assumes either a local maximum or minimum at 
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Theorem 7.2. Under the analogous assumptions on P for the functional F{g) = 
Cpg(O), we have on the even- dimensional standard spheres {S'^'^^gs^) that 

(7.2) i/(Cp(0)) = c(Cp(0)) • To, c(Cp(0))/0. 

In particular these Hessians are semi- definite, and has precisely 

ker H = (conf + difF)go , 

so under the assumptions Cp(0) assumes either a local maximum or minimum at 

Remark 7.3. 

(1) Note that all extremals here are strict, apart from in the directions (conf + diff)gg 
(corresponding to the globally invariant directions). 

(2) While the object To is always defined, the relations in 117. 1\} cannot be ex- 
tended to all dimensions, since the determinant (respectively Cp(0)J 'is not 
always conformally invariant. This reflects the subtle relation of conformal 
invariance with the parity of the dimension. Furthermore the Hessian of the 
determinant is a log-polyhomogeneous operator in some even- dimensional ex- 
amples (see lM0l\). The situation for other functionals is however different 
(see Theorem \9.1\ below). 

Thus, under the assumptions in Theorem 17.11 (that imply Assumption 12.21) . the 
determinant det Pg has local extremals of a type determined by the rigidity constant 
c{F) in Theorem 14. 11 which in turn depends on the operator P in question. To obtain 
the constant c{F) needed for determining whether the extremum is a maximum or 
minimum may still constitute a substantial amount of work. In the papers [Oklj . 
|Qk2| . |0k3| and |QkW| the framework for finding the leading symbol of the Hessian 
operator for zeta functions and determinants of Laplace- type operators of order 2 has 
been developed. The method is to express the zeta function as a Mellin transform 
and use heat kernel expansions, the main term under investigation being 

{u + vyP'ke-''^P'ke~''^dudv, 

-V<1 

where P^ is the derivative at i = of the operator P along a curve of metrics g + tk. 
The analysis in |0k2j yields the combinatorially quite complicated explicit formula 
for the leading symbol of the Hessian, in normal geodesic coordinates around a 
point, in terms of the expression of P' in local coordinates, in the case ordP = 2. 
For the determinant det L of the conformal Laplacian, 

n — 2 „ , 

L := -A + — Seal, 

4(n-l) 

where Seal is the scalar curvature and A = V*Vi is the ordinary (connection) 
Laplacian, the explicit leading symbols appear in |Oklj . Alternatively one may 
compute for the zeta-function itself, using [Ok2] and variation formulas for the scalar 
curvature (which has also been done in ^OkSj) to find that the leading symbol of 
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the Hessian of Cl(s) is given by 

^ ' ^ '^^ V4^; r(s)r(-2s + n + 2) 

X |^|-2s I I' _ ^ _ 1 ( tr KMf? + - tr (i^.n.^) ' 1 , 

|V(n-l)2 (n-l)2 2n-iy^ 9 U ^2 ^ ^ J' 

for Re s < n/2 — 1, where 11^ is the orthogonal projection on for ^ € T^M. 

Therefore the sign of c(det L) is (—1)^, and we obtain a new proof of the following 
theorem. 

Theorem 7.3 ( [Okl ]). Among metrics on 5"* of fixed volume, the standard sphere 
{S'^'^^^ , gs^) is a local maximum for (—1)'^+-'^ detL. 

Furthermore we obtain the following new theorem: 

Theorem 7.4. Among metrics on 5" of fixed volume, the standard sphere {S'^^,gs") 
is a local maximum for . 

In |M0l| the Hessian calculus is extended to the case of the square of the Atiyah- 
Singer-Dirac operator, for general variations of the metric (with a fixed spin struc- 
ture). The main theorem there is the following, giving the leading symbol of the 
Hessian for the zeta-function in the meromorphic parameter s. 

Theorem 7.5 ( |M0l| ). Let (M",7) be a closed Riemannian spin manifold. Assume 
that the kernel of its Atiyah-Singer-Dirac operator D has stable dimension under 
local variations of the metric, with fixed topological spin structure. 

Then the Hessian of the zeta function C,{s) of is a pseudodifferential operator, 
with leading symbol given by 

{k,an-2s[x,^)k}g-2 ^^^j ris)T{-2s + n + 2) 

X lCr"''| [2s -{n- 1)] tr {KgUf Y + (tri^gn^)'| 

for Res < n/2 — 1, where Kg is the endomorphism associated to k by raising an 
index with g, and H^ is the orthogonal projection on , for S, S T*M . 

Prom this we obtain, by differentiation in s, that the sign of the relevant constant 
c(detZ)2) ig (—x^'^+i. Furthermore the standard spheres are stationary points of the 
zeta function Cd2(s) at each point (see |M0l| for details), and hence also of detP. 
Thus we have proved the following theorem. 

Theorem 7.6. Among metrics on S'^^'^^ of fixed volume, the standard sphere {S'^'''^'^ , gs"] 
is a local maximum for { — l)^detD^. 

Also from Theorem 17.51 we obtain that the sign of the constant c(Cd2(0)) is 
(-1)*^+!, thus 
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Theorem 7.7. Among metrics on of fixed volume, the standard sphere {S^ ,9S") 
is a local maximum for ( — 1)'^Cd2(0)- 

Remark 7.4. For yet more examples of such alternating behavior modulo 4 in 
the dimension of the manifold, for zeta regularized quantities, we point the reader 
to |M02| which deals with the explicit values of the determinant at the station- 
ary points discussed above. E.g. the sign o/ log det(Z)^, S"") is (— 1) L('^-i)/2J ^ 
lim™det(D2,S") = 1. 

8. Criteria for the types of extremals of determinants 

It is worth exploring alternative ways of determining the sign of the constant 
c(detP), which do not rely on the above quite involved leading symbol calculus, 
which indeed extracts much more information than needed for our purpose. For 
instance for (5*^,55".) the sign of c(detD^) can be found ( [M0 3]), by evaluating the 
second derivative of detD^ along a family of Berger metrics on = SU{2), using 
|Hij . Since such deformations are non-diffeomorphic and non-conformal and the 
second variation has a definite sign, this gives together with Theorem 14. II a different 
proof of the n = 3 case of Theorem 17.61 above. While of course 5^*^+^ does not in 
general have a Lie group structure, it is likely that a similar approach should work 
for higher dimensions using instead C. Bar's construction of Berger-type metrics in 
|Ba| and the explicit formulas for the eigenvalues of the operator D derived there. 

Furthermore following |Qklj we remind that one may use the Kontsevich-Vishik 
trace TR to express the Hessian form. We shall not recall all details of this con- 
struction here, but merely comment that both the conformal Laplacian (i.e. Yamabe 
operator) and the Dirac operator have the property that the Green's function 
is purely singular, so that TR DP~^ = for any differential operator D. Given this, 
one may write 

{{k,H{logdetP)k)) = -TRP^p-ip^p-\ 

where is the first variation of Pg in the direction k G C°°{S'^TM). For the 
Dirac operator this (non-conformal) metric variation is to be understood properly 
using the Bourguignon-Gauduchon formulas, as discussed in |M0l| . We then obtain 
the following criterion, emphasizing the fact that one needs very little information 
about the variational problem to determine the extremum types. 

Corollary 8.1. If there exists ko G C°°{S'^TM) such that 

rj{ko) :=-TRP^„p-X^"V0, 

then the extrema in Theorem \ 7.1\ are maxima when r]{ko) < 0, and minima when 
Vih) > 0. 

An interesting observation concerning the trace in this corollary is that the much 
simpler expression TRP~^ in our main examples of the Dirac operator D and 
conformal Laplacian L, turns out to have the appropriate sign in any dimension. 

To evaluate TRL~^, one must derive an expression for the Green's function 
of the fourth order operator L^, i.e. the integral kernel of L~^. In the following 
we shall exploit the rotational invariance of L and hence of the Green's function. 
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Fixing a point y on S"" write the conformal Laplacian L in polar geodesic coordinates 
{r,9) G [0, tt) X around y as 

(8.2) Lf=-d^J-in-lf-^d.f + ^^f, 

smr 4 

acting on radial functions / = f{r). Furthermore we see that writing GL{x,y) = 
Giir) the following equation must hold 

(8.3) LGL2{r) = GL{r), for r / 0. 

For the equation LG^^r) = 6o, and likewise (|8.3p the relevant second order linear 
ODE to study is 

(84) _8,v_(„_,)£2SIaj + =(!l_^/ = o. 

smr 4 
Using the substitution z = cos r transforms this to into the form 

(8.5) (1 - z')y" - nzy' - !}t_^y = q, 
which is a hypergeometric equation with the full solution 

(8.6) y = A{l-z)-'^+B{l + z)-^. 

From the requirement that the Green's function must be regular at r = vr, that 
is at z = —1, it follows that i? = 0, and by normalization one finds that 



'■'^ ^^^^^ = ^1^?^' "^^^^ ^"- 2--i(n-2)c.„_, ' 



Gn. , „ 1 

' L 
■ 2 

To determine we rewrite equation (18. 3|) as 

9n // / nin — 2) ^ , . n-2 

(8.8) (1 - z^)y" - nzy' - ^ ^ ' y = -D„(l - z)" — , 

where Dn = /2/ • Using (18.6(1 and a computation of the Wronskian W 

(1 - z2)-n/2 leads to the full solution of (EHl) 



/I n — 2 
/ L — Z\ T~ 
\T+~z) 

Requiring again regularity at z = — 1 we see that with r = cos z 

/Z -] 71 — 2 
(— ^) ' dw. 
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Changing variables to r = and = ^ allows us to express the integral 
here as follows for n = 2A; + 1 

dw 



'1 — w 


n-2 

)'' 


\1 + W/ 




1 


1 




(1+T 


^2-n 

4 2^1(1 


(-1)' 


"nvr 


4 





2^2 T-n-l 



(l + |^|2)2 Z^^ 2j + l 

Prom this expansion we can extract the regular part r ^ of the Green's function 
(in the sense of |Oklj ). which is 

and thus finally on {S^,go) the value of the Kontsevich-Vishik trace is 

For on 5" the Green's function can be found for instance in the reference [Fi] . 
and the integral in the representation there can easily be performed similarly to the 
above, for n = 2A: + 1 

GD2{x,y) = ^ ) ' / rr^^^zrjdT, 



(-1)' \1 _ arctan(|x|) - V izl)i|^|-2i-i 



where l/\x\ is the the radial coordinate in the stereographic projection from y, and 
ujn-i is the volume of S'^~^ . Extracting again the regular part and integrating over 
S'^ one obtains 

2 , 



TRD-^ = (-1 



22/c+l (^1)2- 

We have thus proved the following proposition. 

Proposition 8.11. In odd dimension n = 2k + 1 we have, for the Dirac operator 
and conformal Laplacian, respectively, on the round spheres {S'^,gs") that 

sign(TRL-2) = (-1)^+1, 
sign(TRi?-2) = 

On the basis of this proposition, we offer the following conjecture. 
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Conjecture 8.12. If n = 2k + 1 and P is a conformally covariant operator, then 
on the round sphere {S"',gs") 

sign(TRP-2) = sign(TRP^^p-ip^„p-i) ^ 0, 

for some and hence all ko G C°°(5gr5")\ (conf + diff )go . 

Note that Conjecture 18.121 expresses in particular that all information about the 
types of the local extremals on S"", near the round metric, should be contained in 
just the Green's function at the round sphere metric itself. With a criterion such 
as this, one may readily apply our rigidity theorem to prove extremality of det P 
for (integer powers of) any given conformally covariant operator of order m, as for 
instance the GJMS operators |GJMSj . In principle TRP~^ can be computed on 5" 
as above, by solving a m'th order linear ODE involving the explicit Green's function 
of P for the round sphere metric, and extracting the regular part. 

9. Local extremals of the total Q-curvature 

An important theorem in conformal geometry states that the total Q-curvature 
of the Riemannian manifold {M^,g) for n = 2k even, 

L{g) ■■= / QgdVg, 
J M 

is conformally invariant (cf. Theorem 3 in [GZj . and also [GH| ). Since it is also a 
natural Riemannian invariant, it satisfies our Assumptions [221 and we may apply 
our rigidity principle to this functional. In this section we prove the following 
theorem. 

Theorem 9.1. Let n = 2k > A. The total Q-curvature has a local maximum at the 
round sphere metric {S^,gs"), under general variations of the Riemannian metric. 
Namely, there exists an open neighborhood U C Metr(M) of gs-^ (as in ^6.4^ ) such 
that 

/ QgdVg < / Qggr^dvggr,, for any 5 G [/ C Metr(M). 

Remark 9.1. It follows furthermore from the proof below, that for any closed, 
conformally Einstein manifold {M^^^go) there exists a finite-dimensional subspace 

with possibly V = {0} as in the round sphere case, such that the total Q-curvature 
has a strict local maximum at the metric go, apart from in the directions k S 
^(M,go) + (conf + diff)go (as in i6.^} ). 

See the reference |Hanj for related results on the non-critical Q-curvatures Q2m- 
There it was proved that the corresponding (rescaled) total Q-curvatures are max- 
imized in the conformal class of the standard metric on 5", when the dimension n 
is odd and m = or Moreover for n odd and m > the standard metric 
on S'^ is not stable. 

Prom the proof of our theorem below, it will be clear that Assumptions 12.51 are 
satisfied. The starting point for the study of extremals of the total Q-curvature is 
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the variational formula by Graham and Hirachi. In the following P will denote the 
Schouten tensor 

n-2\ 2{n-lYy 
where Ric and Seal are the Ricci tensor and the scalar curvature in the metric g. 

Theorem 9.2 (Graham-Hirachi's first variation formula |GHj ). Let M he a compact 
manifold of even dimension n > 4, then for a smooth family of metrics gt, 

(9.2) Hm^'^')' ^ ^"^^''^'^ /a/^^'^^^' 
where the two-tensor O is the Fefferman- Graham obstruction tensor. 

We need the detailed properties of the Fefi'erman-Graham obstruction tensor O. 

Theorem 9.3 (Properties of Fefi'erman-Graham's tensor [GH| ). The obstruction 
tensor O of the even- dimensional Riemannian manifold {M"',g) has the following 
properties: 

(1) O is a natural tensor invariant, i.e. the components are in local coordinates 
given by universal polynomials in the components ofg, g~^ and the curvature 
tensor of g and its covariant derivatives. 

(2) O is symmetric, trace- and divergence-free, and of the form 

(9.3) Oij = A"/2-2 (p^^. _ p^k^^^ ) ^ 

where A = V*Vj is the connection Laplacian, and LOTS denotes quadratic 
and higher terms in curvature involving fewer derivatives. 

(3) If g is conformally Einstein, then Oij = 0. 

We can now explain the proof of Theorem 19.11 

Proof of Theorem \9.1[ Prom formula (|9.2|) and property (3) in Theorem 19.31 we see 
in particular that the standard metric on the sphere {S'^^,gsn) is always a stationary 
point, under arbitrary variations of the metric. 

As we will see below, Theorem 19.31 will ensure that the Hessian of the total Q- 
curvature L{g) exists differential operator 

H : C7°°(52rM) ^ C°°{S^TM). 

Applying the universal Hessian theorem for {S"',gs") in Theorem 14.11 there exist 
constants c„(L) such that for each even dimension n = 2k, 

H{L) = Cn{L) ■ To, 

where Tq is positive semi-definite and with kerTo equal to precisely the trace- and 
divergence-free symmetric two-tensor fields, corresponding to the global invariance 
directions of the total Q-curvature L. According to whether c„(L) > 0, Cn{L) < 
or Cn{L) = the analysis shows respectively a local minimum, a local maximum or 
is inconclusive. In the two first cases, the extremals are furthermore strict, apart 
from in the space of gauge and conformal invariance directions which equals kerTo 
(see (16. 2p and Proposition 16. 3p . 
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To find the signs of the constants Cn[L), we compute the leading order symbol of 
H{L), which involves studying the first variation O of the obstruction tensor. 

For a 1-parameter family of metrics gt and correspondingly natural tensor fields 
At in the sense discussed above, and any operator C that groups indices of At into 
pairs and performs contractions using the metric gt, we have 

(9.4) (V'^)* = V'i + LOTS, 

(9.5) (C(^))' = C(i) + LOTS, 

where LOTS are terms with a lower total number of spatial and t-derivatives in 
the components of A. This notion of lower order terms is consistent with the one 
used above in (|9.3p . and is preserved under composition with differential operators, 
including differentition in t along gt. The point of this leading order calculus is 
that we only need to determine (the sign of) the leading symbol of the Hessian as 
a differential operator acting on the section k G C°°{S'^TM), and this is given by 
the terms with the highest number of spatial derivatives of k. 

In general, if Ug is a local scalar Riemannian invariant, we see that for gt = g + tk, 
with k trace- free, the first variation at t = of the integrated invariant is 

/ Udv) = {Ug + \Ugiigg)dvg= / Ugdvg, 
J M J Jm Jm 

since tr^ 5 = 0. Note also that by (|9.5I1 we have ((T, g))' = {Tg,g)g + LOTS for any 
natural 2-tensor. Thus for any trace-free k G C°°{S'^TM) and gt = g + tk, 

(9.6) ( Qdv^ " = (-l)"/2!i_^ {{dg, k)g + LOTS) . 

Using the naturality in (1) from Theorem 19.31 and partial integrations, we see that 
the Hessian here exists as an order n partial differential operator H , such that 

L{g + tk)= {Hk,k)dvg, for keC°°iS^TM). 
dt^ \ t=o Jm 

Note that rewriting (|9.3p and taking the t-derivative using (|9.4p and (|9.5p gives 

(9.7) O = A"/2-2 ( AP - — ^ — -V^Scal) + LOTS, 

V 2(n - 1) J 

where V and A are again the connection and connection Laplacian. The first 
variation of the scalar curvature is as follows (see e.g. |CLNj or |MTj for a good 
reference for such computations). 

9 Seal 

(9.8) —^^^_^=-{mC,k)g+diVg{diVgk)-Atrgk, 

For the Ricci tensor one has 

(9-9) ~dr\t=o " ~ 2^'^" 3 ^)*^ ~ 2 ^'^^^(^^s 

Here A^ is the Lichnerowicz Laplacian 

(AlA;)(X, W) = {Ak){X, ly) + 2 tr k{R{X, •)•, W) - k{X, Ric(Ty)) - k{W, Ric(X)), 
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where Ak denotes the connection Laplacian of the two-tensor k, R is Riemann's 
curvature tensor and Ric(X) = (Ric(X, •)*. 

Restricting to trace- and divergence-free fields k € C°°{S'^TM), we obtain 

By combining Equations (|9.7I) . (19. 8p and (|9.10l) we arrive at the result 

O = -—^-—A'^/^k + LOTS. 
2(n — 2) 

Finally, by (|9.6|) the leading symbol of the n'th order Hessian operator H is given 
by 

(_-\\n/2 Itl". 

(9.11) an{H){x,Ok = ^ a„(A"/^)fc = -^feld G EndC^^TM^), 

which holds whenever k is trace and divergence free. 

In the presence of the gauge invariance, namely on the space of fields k € 
(conf -|- diff)g(, that are orthogonal to the trace- and divergence-free fields, ellipticity 
of the symbol does not hold in the corresponding tangent directions. Therefore one 
needs to use for instance a factorization of the Hessian as constructed in |M0l| . 
Thus 

H{L) = n(j,onf+diff)^jj -f^n(j.onf+jig)± , 

where H denotes the L^-orthogonal projection onto the subspace (conf -|- diff , 
and H is now a classical pseudodifferential operator, which is elliptic with nega- 
tive definite leading symbol, viz. the symbol computed above in (19. lip . Then by 
standard elliptic theory on a closed manifold, applied to the new operator H, H is 
upper semi-bounded, ensuring that c„(L) < for the rigidity constant in the round 
sphere case. 

Furthermore, as remarked after the statement of the theorem, this implies that on 
any {M'^^qq) which is conformally Einstein (and thus as remarked a stationary point 
under all variations), the total Q-curvature has a local maximum at 50, apart from 
possibly in a finite number of directions that define a subspace V(^M,go)i namely the 
direct sum of the finitely many finite- dimensional eigenspaces for the non-negative 
eigenvalues oi H . □ 

As an interesting insight from the study of the concrete example of total Q- 
curvature, which for our purposes constitutes a particularly well-understood exam- 
ple of a conformal functional, we have the following corollary, which follows from 
the proof of Theorem 19.11 

Corollary 9.12. In even dimensions, the universal Hessian operator Tq is a natural 
differential operator, which is given up to a constant as a Hermitian form by the 
second variation of the total Q-curvature, or equivalently through the first variation 
of the obstruction tensor. 
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Of course this is also clear from Graham's explicit formula in Equation (I4.16p . 
In dimensions 4 and 6 where explicit formulas for the Q-curvature are known, it is 
possible to calculate from the above the explicit expression for the universal Hes- 
sian operator. Furthermore from the recent developments around the holographic 
formula for Q-curvature found by Andreas Juhl and Robin Graham (see [ [JG] and 
|Juj). one may in principle obtain a scheme for computing the operator Tq in terms 
of the curvatures and its covariant derivatives. Again, connecting this to Graham's 
formula (I4.16P makes this observation somewhat redundant. 

10. Further examples of conformal functionals 

There are several other natural examples of functionals that fit our theorem. 
Notably the total Q-curvature studied in the previous section furnishes just a specific 
example of functionals of the type 

F{g) := [ A{g)dvg, 
Jm 

where A{g) is a local Riemannian scalar invariant, with the property that F is con- 
formally invariant. Exactly such functionals are the topic of Deser-Schwimmer's 
Conjecture, which is a statement about the structure of the A{g) (under the confor- 
mal invariance assumption on F) proved recently by Spyros Alexakis ( |Allj . |A12j . 

Yet another type of conformal functional studied in the literature, comes about 
by taking the infimum or supremum over conformal classes. One such example is 
the functional 

T{g)= inf Ai(L,)Vol(M,g)2/", 

where Xi{Lg) denotes the first eigenvalue of the conformal Laplacian Lg in the metric 
g, or the closely related Yamabe invariant. These functionals played a role in the 
solution of the Yamabe problem (see e.g. [LPj and [Sc]), and similar functionals for 
the Dirac operator have been studied in for instance [Amlj and |Am2| . 

Note that in the paper [PRj S. Paycha and S. Rosenberg have recently described 
a procedure for constructing conformal invariants via the canonical trace, and these 
invariants may also be studied by our methods presented in this paper. 

Let us also mention that our main Theorem 14.11 has applications in the theory of 
conformally compact Einstein manifolds {X^~^^ , g^) with conformal infinities M" = 
dX (see e.g. |FGlj ). By [GL| the g+ are parametrized by the conformal infinities 
{M'^,g), for metrics g near the round metric (5",g'o)- It thus makes sense to study 
the variational problem for the renormalized volume, related to the gravitational 
action in AdS/CFT, which for n odd is the constant term V in the volume expansion 

Volg+({r >e}) =coe^" + C2e~"+^ + ... + c„_ie"^ + y + o(l), as e ^ 0, 

where r denotes a boundary defining function for the conformal infinity M". Namely, 
for n odd the renormalized volume V is conformally invariant, and thus our rigidity 
result for the second variation holds, and given that the second variation is non- 
trivial, we obtain that the renormalized volume is locally extremalized at the round 
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sphere. The first variation of V for n odd has been studied in [Alj and [Anj . and 
for the analogous quantity in even dimension in |CQY| . 

It is also worth noticing, that even when a functional is not conformally invariant, 
but when we know explicitly how it transforms under conformal changes of the 
metric (e.g. there is a Polyakov-type formula), then we may in principle subtract 
this explicit term in order to obtain a conformally invariant functional. This latter 
may then be analyzed by the results in this paper. Such methods might show to 
be interesting for instance in connection with AdS/CFT theory and renormalized 
volumes in the case of even-dimensional conformal infinities. 

As an interesting aside, the paper [SSj by P. Sarnak and A. Strombergsson, con- 
cerned with extremals of the zeta function of the Laplacian on functions on certain 
flat tori, contains ideas reminiscent of those in the present, in that invariance of a 
functional under a certain symmetry group G plays a role in proving positive def- 
initeness of the second variation of the functional. In their case the group G was 
finite, while here we deal instead with the conformal group of the sphere, which is 
the semi-simple Lie group SO(n -|- 1, 1). 

As a final remark we note that the representation theoretical part of our results 
may be extended to other rank one semisimple Lie groups, which could give similar 
results in parabolic geometries such as CR geometry (see e.g. |FHi | and \JQ); here 
one would consider functionals on the moduli space of CR structures. In this case 
the CR-manifolds for which one could a priori hope to study similar problems, 
would be odd-dimensional spheres, where the corresponding structure group would 
be G = SU(n, 1). Some of the relevant representation theory of this group was 
adressed in the work by T. Branson, G. Olafson and B. 0rsted (e.g. [BQ0] . see also 
Baston-Eastwood |BEj ). Likewise it seems feasible to study conformal invariants in 
Lorentzian signature, or more generally pseudo-Riemannian spaces, with x S"^ as 
the main example, with conformal group G = SO{p+l,q + l). In this connection it 
is worth pointing out the method of using analytic continuation in the signature of 
the metric in |B01| and |B03] . for extending the definition of conformal invariants 
to mixed signatures. 
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